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Almost sharp oscillation and nonoscillation criteria are obtained for the ﬁrst-
order nonlinear delay differential equation
x′t + pt
m∏
j=1
xt − τjαj signxt − τ1	 = 0 t ≥ t0
where
∑m
j=1 αj > 1. Some applications are given.  2001 Elsevier Science
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1. INTRODUCTION
Consider the ﬁrst-order nonlinear delay differential equation
x′t + pt
m∏
j=1
xt − τjαj signxt − τ1	 = 0 t ≥ t0 (1)
where p ∈ Ct0∞ 0∞ 0 < τ1 ≤ τ2 ≤ · · · ≤ τm αj > 0 j =
1 2    m.
When
∑m
j=1 αj = 1, the oscillatory behavior of solutions of (1) is similar
to the linear delay differential equation
x′t + ptxt − τ = 0 t ≥ t0 (2)
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where τ > 0, which has been studied by many authors. See [1–8] and the
references cited therein. To the best of our knowledge, the best oscillation
criterion for (1),
∫ ∞
t0
pt ln
[
e
m∑
j=1
αj
∫ t+τj
t
psds+1−sign
(
m∑
j=1
αj
∫ t+τj
t
psds
)]
dt=∞ (3)
is obtained in [7].
When
∑m
j=1 αj < 1, as in [1, Corollary 3.6.2], it is easy to show that every
solution of (1) oscillates if and only if∫ ∞
t0
ptdt = ∞ (4)
When
∑m
j=1 αj > 1, we wish to discuss the oscillatory behavior of (1)
in terms of the coefﬁcient pt and the delays τ1     τm. So far, there
are no results on this aspect. In this paper, we will establish almost sharp
oscillation and nonoscillation criteria for (1) and give their applications to
the nonlinear delay differential equations
x′t + ptf xt − τ1     xt − τm = 0 t ≥ t0 (5)
and
x′t +
m∑
j=1
pjtxt − τj	βj = 0 t ≥ t0 (6)
and the hyperlogistic equation [10]
N ′t = rtNt
m∏
j=1
[
1− Nt − τj
K
]βj
 t ≥ 0 (7)
where pt τ1     τm are the same as in (1), β1     βm are ratio-
nal numbers with denominators that are positive odd integers, pj ∈
Ct0∞ 0∞ j = 1    m, r ∈ Ct0∞ 0∞K > 0; and
(H) f ∈ CRmR f x1     xm is nondecreasing on each xi i =
1    m, and
xi > 0 for i = 1    m⇒ f x1     xm > 0
xi < 0 for i = 1    m⇒ f x1     xm < 0
and
lim
x1xm→00
f x1     xm∏m
j=1 xjαj
=M > 0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2. MAIN RESULTS
To prove the main results, we need the following lemmas.
Lemma 1. Assume that (H) holds, and for large t,
ps ≡ 0 for s ∈ t t + τ	 (8)
where τ = maxτ1 τ2     τm. Then 5 has an eventually positive solution
if and only if the corresponding inequality,
x′t + ptf xt − τ1     xt − τm ≤ 0 t ≥ t0 (9)
has an eventually positive solution.
The proof of Lemma 1 is similar to the proof of [1, Theorem 5.1.1], and
hence we omit it here.
Associed with (5), we consider the equation
x′t + qtf xt − τ1     xt − τm = 0 t ≥ t0 (10)
where q ∈ Ct0∞ 0∞.
Applying Lemma 1, we have the following.
Lemma 2. Assume that H and 8 hold, and that for large t,
pt ≤ qt (11)
If every solution of 5 oscillates, then every solution of 10 oscillates.
Theorem 1. Assume that
∑m
j=1 αj > 1. Then the following conclusions
hold:
(i) If there exists λ > 0 such that
m∑
j=1
αje
−λτj < 1 (12)
and
lim inf
t→∞
[
pt exp(−eλt)] > 0 (13)
then every solution of 1 oscillates.
(ii) If 8 holds and there exists µ > 0 such that
m∑
j=1
αje
−µτj > 1 (14)
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and
lim sup
t→∞
[
pt exp(−eµt)] <∞ (15)
then 1 has an eventually positive solution.
Proof. (i) By (12) and (13), we may choose λ2 < λ1 < λ and T > t0
such that
m∑
j=1
αje
−λτj <
m∑
j=1
αje
−λ1τj <
m∑
j=1
αje
−λ2τj < 1 (16)
and
pt ≥ λ1eλ1t exp
[
1
2
(
m∑
j=1
αj − 1
)
eλ1t
]
 t ≥ T (17)
Set
qt = λ1eλ1t exp
[
1
2
(
m∑
j=1
αj − 1
)
eλ1t
]
 (18)
By Lemma 2, it sufﬁces to prove that every solution of the equation
x′t + qt
m∏
j=1
xt − τjαj sign xt − τ1	 = 0 t ≥ t0 (19)
oscillates.
Assume the contrary, and let xt be an eventually positive solution of
(19). Then there exists a T1 > T such that
1 > xt − τm > 0 and x′t ≤ 0 for t ≥ T1
Let yt = − ln xt for t ≥ T1 − τm. Then yt > 0 for t ≥ T1 − τm, and
from (19) we have
y ′t = qt exp
[
yt −
m∑
j=1
αjyt − τj
]
 t ≥ T1 (20)
Set l = ∑mj=1 αje−λ2τj . Then 0 < l < 1. We consider the following three
possible cases.
Case 1. yt ≤∑mj=1 αjeλ1−λ2τj yt − τj eventually holds. Choose T2 >
T1 such that
yt ≤
m∑
j=1
αje
λ1−λ2τj yt − τj t ≥ T2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Consequently, we have
yt
eλ1t
≤
m∑
j=1
αje
λ1t−λ2τj
eλ1t
yt − τj
eλ1t−τj
=
m∑
j=1
αje
−λ2τj yt − τj
eλ1t−τj
 t ≥ T2
Set zt = yte−λ1t . Then
zt ≤
m∑
j=1
αje
−λ2τj zt − τj t ≥ T2 (21)
By using a method similar to [9, Lemma 1], we can prove that
lim
t→∞ zt = 0 (22)
From (22), it follows that there exists a T3 > T2 such that
yt < 12eλ1t  t ≥ T3 (23)
which, together with (20), implies that
y ′t ≥ qt exp
[(
1−
m∑
j=1
αj
)
yt
]
≥ qt exp
[
1
2
(
1−
m∑
j=1
αj
)
eλ1t
]
= λ1eλ1t  t ≥ T3
It follows that
yt ≥ yT3 + eλ1t − eλ1T3 t ≥ T3
which contradicts (23).
Case 2. yt −∑mj=1 αjeλ1−λ2τj yt − τj is oscillatory. In this case, there
exists an increasing inﬁnite sequence tn of real numbers with T3 < t1 <
t2 < · · · such that
ytn =
m∑
j=1
αje
λ1−λ2τj ytn − τj n = 1 2     (24)
and
yt >
m∑
j=1
αje
λ1−λ2τj yt − τj t ∈ t2n−1 t2n n = 1 2     (25)
Set
ut = yt −
m∑
j=1
αje
λ1−λ2τj yt − τj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Then ut is oscillatory and there exists an increasing inﬁnite sequence
ξn of real numbers such that uξn = maxut  t2n−1 ≤ t ≤ t2n and
u′ξn = 0 n = 1 2    . Note that
u′ξn = y ′ξn −
m∑
j=1
αje
λ1−λ2τj y ′ξn − τj
and
y ′t = qt exp
[
ut +
m∑
j=1
αjeλ1−λ2τj − 1yt − τj
]
 t ≥ T1 (26)
It follows that
qξn exp
[
uξn +
m∑
j=1
αjeλ1−λ2τj − 1yξn − τj
]
=
m∑
i=1
αie
λ1−λ2τiqξn − τi exp
[
uξn − τi +
m∑
j=1
αjeλ1−λ2τj − 1
× yξn − τi − τj
]
< λ1e
λ1ξn exp
[
1
2
(
m∑
j=1
αj − 1
)
eλ1ξn−τ1
]
× exp
[
max
1≤i≤m
uξn − τi +
m∑
j=1
αjeλ1−λ2τj − 1yξn − τ1 − τj
]

Consequently, we have
uξn +
m∑
j=1
αj
(
eλ1−λ2τj − 1
)
yξn − τj
< max
1≤i≤m
uξn − τi +
m∑
j=1
αj
(
eλ1−λ2τj − 1)yξn − τ1 − τj
− 12
( m∑
j=1
αj − 1
)
1− e−λ1τ1eλ1ξn n = 1 2 3     (27)
If lim supt→∞ ut = lim supn→∞ uξn = ∞, then there exists a subse-
quence ξnk of ξn such that uξnk = maxut T2 ≤ t ≤ ξnk k =
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1 2   . Hence, from (27), we have
0 <
m∑
j=1
αjeλ1−λ2τj − 1yξnk − τj − yξnk − τ1 − τj	
< − 12
(
m∑
j=1
αj − 1
)
1− e−λ1τ1eλ1ξnk
< 0 k = 1 2    
This is a contradiction. If lim supt→∞ ut = lim supn→∞ uξn < ∞, then
from (27),
0 < lim sup
n→∞
{
uξn +
m∑
j=1
αj
(
eλ1−λ2τj − 1
)
yξn − τj − yξn − τ1 − τj	
}
≤ lim sup
n→∞
{
max
1≤i≤m
uξn − τi − 12
(
m∑
j=1
αj − 1
)
1− e−λ1τ1eλ1ξn
}
= −∞
This is also a contradiction.
Case 3. yt ≥ ∑mj=1 αjeλ1−λ2τj yt − τj eventually holds. Let T4 > T3
such that
yt ≥
m∑
j=1
αje
λ1−λ2τj yt − τj t ≥ T4
It follows from (20) that
y ′t = qt exp
[
yt −
m∑
j=1
αjyt − τj
]
≥ qt exp
[(
1− eλ2−λ1τ1
)
yt
]
 t ≥ T4
Set c = 1− eλ2−λ1τ1 . Then 0 < c < 1, and the above inequality reduces to
y ′te−cyt ≥ qt t ≥ T4
Integrating the above from T4 to ∞, we obtain∫ ∞
T4
qtdt ≤
∫ ∞
T4
y ′te−cytdt ≤ 1
c
e−cyT4 <∞
which contradicts the deﬁnition of qt.
Cases 1, 2, and 3 complete the proof of (i).
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(ii) By (14) and (15), we may choose µ1 > µ and T > t0 such that
m∑
j=1
αje
−µτj >
m∑
j=1
αje
−µ1τj > 1 (28)
and
pt ≤ µ1eµ1t exp
[(
m∑
j=1
αje
−µ1τj − 1
)
eµ1t
]
 t ≥ T (29)
Set ϕt = eµ1t  xt = e−ϕt. Then
x′t + pt
m∏
j=1
xt − τjαj signxt − τ1	
= −ϕ′te−ϕt + pt
m∏
j=1
e−αjϕt−τj
=
m∏
j=1
e−αjϕt−τj
{
pt − µ1eµ1t exp
[(
m∑
j=1
αje
−µ1τj − 1
)
eµ1t
]}
≤ 0 t ≥ T
This shows that the inequality
x′t + pt
m∏
j=1
xt − τjαj signxt − τ1	 ≤ 0 t ≥ t0
has an eventually positive solution. In view of Lemma 1, the corresponding
equation (1) also has an eventually positive solution. The proof is complete.
Applying Theorem 1 to a special form of (1),
x′t + ptxt − τα signxt − τ	 = 0 t ≥ t0 (30)
where p ∈ Ct0∞ 0∞ τ > 0 α > 0, we have immediately
Corollary 1. Assume that α > 1. Then the following conclusions hold:
(i) If there exists λ > τ−1 lnα such that 13 holds, then every solution
of 30 oscillates.
(ii) If pt ≡ 0 on any interval of length τ, and there exists µ < τ−1 lnα
such that 15 holds, then 30 has an eventually positive solution.
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Remark 1. Note that
∑m
j=1 αj > 1. It follows that there exists a unique
λ0 > 0 such that
∑m
j=1 αje
−λ0τj = 1. Therefore, applying Theorem 1 to a
special form of (1),
x′t + C expeλt
m∏
j=1
xt − τjαj signxt − τ1	 = 0 t ≥ t0 (31)
where C > 0, we have that every solution of (31) oscillates if λ > λ0 and
(31) has an eventually positive solution if λ < λ0. This shows that Theo-
rem 1 is an almost sharp criterion of oscillation and nonoscillation for (1).
3. SOME APPLICATIONS
In the last section, we apply Theorem 1 to Eqs. (5)–(7).
Theorem 2. Assume that (H) holds and
∑m
j=1 αj > 1. Then the following
conclusions hold:
(i) If there exists λ > 0 such that 12 and 13 hold, then every solu-
tion of 5 oscillates.
(ii) If 8 and ∫ ∞
t0
ptdt = ∞ (32)
hold and there exists µ > 0 such that 14 and 15 hold, then 5 has an
eventually positive solution.
Proof. (i) Assume the contrary, and let xt be an eventually positive
solution of (5). Then from (5) and (13), we easily show that limt→∞ xt =
0. It follows from (5) and (H) that there exists a T1 > t0 such that
1 > xt − τm > 0 and x′t ≤ 0 for t ≥ T1
and
f xt − τ1     xt − τm ≥ 12M
m∏
j=1
xt − τj	αj  t ≥ T1 (33)
Substituting (33) into (5), we have
x′t + 12Mpt
m∏
j=1
xt − τj	αj ≤ 0 t ≥ T1 (34)
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This shows that inequality (34) has an eventually positive solution. In view
of Lemma 1, the corresponding equation,
x′t + 12Mpt
m∏
j=1
xt − τjαj signxt − τ1	 = 0 t ≥ t0 (35)
also has an eventually positive solution. But, by Theorem 1, (12) and (13)
imply that every solution of (35) oscillates, and this contradiction completes
the proof of (i).
(ii) In view of Theorem 1, (8), (14), (15), and (32) imply that the
equation
x′t + 2Mpt
m∏
j=1
xt − τjαj signxt − τ1	 = 0 t ≥ t0 (36)
has an eventually positive solution xt with limt→∞ xt = 0. From this,
(H), and (36), there exists a T2 > t0 such that
xt − τm > 0 and x′t ≤ 0 for t ≥ T2
and
f xt − τ1     xt − τm ≤ 2M
m∏
j=1
xt − τj	αj  t ≥ T2 (37)
Substituting (37) into (36), we have
x′t + ptf xt − τ1     xt − τm ≤ 0 t ≥ T2 (38)
This shows that inequality (38) has an eventually positive solution. In view
of Lemma 1, the corresponding equation (5) also has an eventually positive
solution. The proof is complete.
Theorem 3. Assume that
∑m
j=1 βj > m and that there exists λ > 0 such
that
m∑
j=1
βje
−λτj < m (39)
and
lim inf
t→∞
{[ m∏
j=1
pjt
]
exp
(−meλt)} > 0 (40)
Then every solution of (6) oscillates.
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Proof. Assume the contrary, and let xt be an eventually positive solu-
tion of (6). It follows from (6) that there exists a T > t0 such that
xt − τm > 0 and x′t ≤ 0 for t ≥ T
From (6), we have
x′t +m
[
m∏
j=1
pjt
]1/m
m∏
j=1
xt − τj	βj/m ≤ 0 t ≥ T (41)
This shows that inequality (41) has an eventually positive solution. In view
of Lemma 1, the corresponding equation,
x′t +m
[
m∏
j=1
pjt
]1/m
m∏
j=1
xt − τjβj/m sign xt − τ1	 = 0 t ≥ t0
(42)
also has an eventually positive solution. But, by Theorem 1, (39) and (40)
imply that every solution of (42) oscillates. This contradiction completes
the proof.
If
∏m
j=1−1βj = −1, then by making a change of variables,
xt = lnNt/K	
One can write (7) as
x′t + rt
m∏
j=1
[
ext−τj − 1]βj = 0 t ≥ 0 (43)
Set
f x1     xm =
m∏
j=1
exj − 1βj 
Then f satisﬁes condition (H) for β1     βm. Hence, in view of Theorem 2,
we have immediately
Theorem 4. Assume that
∏m
j=1−1βj = −1 and
∑m
j=1 βj > 1. Then the
following conclusions hold:
(i) If there exists λ > 0 such that
m∑
j=1
βje
−λτj < 1 (44)
and
lim inf
t→∞ rt exp−e
λt	 > 0 (45)
then every positive solution of (7) oscillates about K.
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(ii) If rt ≡ 0 for any interval of length τ, where τ = maxτ1     τm,∫ ∞
0
rsds = ∞ (46)
and there exists µ > 0 such that
m∑
j=1
βje
−µτj > 1 (47)
and
lim sup
t→∞
rt exp−eµt	 <∞ (48)
then (7) has a solution greater than K eventually.
Remark 2. In the case where rt ≡ r > 0, Theorem 4 implies that (7)
always has a solution greater than K eventually. This claim coincides with
[10, Theorem 3.1].
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